
An Integrated Framework for Scheduling and Control Using
Fast Model Predictive Control

Jinjun Zhuge and Marianthi G. Ierapetritou
Dept. of Chemical and Biochemical Engineering, Rutgers – The State University of New Jersey, 98 Brett Road,

Piscataway, NJ 08854

DOI 10.1002/aic.14914
Published online July 14, 2015 in Wiley Online Library (wileyonlinelibrary.com)

Integration of scheduling and control involves extensive information exchange and simultaneous decision making in
industrial practice (Engell and Harjunkoski, Comput Chem Eng. 2012;47:121–133; Baldea and Harjunkoski I, Comput
Chem Eng. 2014;71:377–390). Modeling the integration of scheduling and dynamic optimization (DO) at control level
using mathematical programming results in a Mixed Integer Dynamic Optimization which is computationally expensive
(Flores-Tlacuahuac and Grossmann, Ind Eng Chem Res. 2006;45(20):6698–6712). In this study, we propose a frame-
work for the integration of scheduling and control to reduce the model complexity and computation time. We identify a
piece-wise affine model from the first principle model and integrate it with the scheduling level leading to a new inte-
gration. At the control level, we use fast Model Predictive Control (fast MPC) to track a dynamic reference. Fast MPC
also overcomes the increasing dimensionality of multiparametric MPC in our previous study (Zhuge and Ierapetritou,
AIChE J. 2014;60(9):3169–3183). Results of CSTR case studies prove that the proposed approach reduces the comput-
ing time by at least two orders of magnitude compared to the integrated solution using mp-MPC. VC 2015 American

Institute of Chemical Engineers AIChE J, 61: 3304–3319, 2015
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Introduction

In chemical process operations simultaneous consideration

of scheduling and control leads to and increases in the overall

process profitability but meanwhile increases the complexity

of modeling and thus the computational requirements of the

solution approaches.1,2 Traditionally, production scheduling

and process control problems are studied separately in chemi-

cal processes. Scheduling problems address unit assignments,

production sequence, timing of tasks but it does not consider

the dynamic behavior of units such as reactors and distillation

columns. Conversely, control problems focus on the dynamic

behavior, such as the transitions between products in continu-

ous processes (continuous stirred-tank reactor (CSTR) or plug

flow reactor (PFR)) and the transient characteristics in batch

processes. However, scheduling and control are naturally

linked and the process operations at scheduling and control

levels require data exchange between them.1 For example,

scheduling level transfers batch sizes, start times, and state

references to the control level, and the control level provides

measured states to the scheduling level. In the models of

scheduling and control problems, there are variables that con-

nect them such as the state variables at the starting and ending

of the transient periods, durations for the transient periods and

amounts of material being processed in units. Therefore, an

integrated approach that models the scheduling and control
simultaneously addresses the information sharing between
scheduling and control levels, leading to the integrated deci-
sion making that is overall optimal.3,4

In the literature, two approaches are proposed to model the
integration of scheduling and control, that is, simultaneous
modeling and decoupled modeling. Using simultaneous mod-
eling, the process dynamics are incorporated into the schedul-
ing problems as constraints. This leads to a Mixed Integer
Dynamic Optimization (MIDO) problem5 which is further dis-
cretized into a Mixed Integer Nonlinear Programming
(MINLP).6 With decoupled modeling, the scheduling problem
(master problem) is modeled as Mixed Integer Linear Pro-
gramming (MILP) and the control problem (primal problem)
as Dynamic Optimization (DO). This complete problem is
solved through iterations between the master problem and the
primal problem.7,8 Case studies of polymerization process
show that the solution obtained through iterations is close to
the global optima.

Online integration of scheduling and control requires updat-
ing operation solutions for both scheduling and control levels
at real time in the presence of disturbance, thus the online inte-
gration requires a repetitive solution of the integrated problem
at each time interval.9 To reduce the computation complexity
of the integrated problem, researchers proposed to use Lagran-
gean Decomposition10 and Bender Decomposition11–13 to con-
verge to the optimal solution. Chu and You14 models the
integrated problem using game theory and efficiently solve
the resulting bilevel optimization problem. Zhuge and
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Ierapetritou15 utilizes multiparametric Model Predictive Con-
trol (mp-MPC) to handle the control problem and incorpora-
tion the explicit control solution with the scheduling level,
resulting in a MILP which simplifies the integrated problem.

Model Predictive Control (MPC) is an online optimization
technique that involves repetitively solution of an optimization
problem over a future time horizon. To reduce the computa-
tion burden of conventional MPC, mp-MPC was proposed to

solve for the explicit control law offline and thus the online
optimization is reduced to simple function evaluations.16

However, as the problem size increases in terms of state
dimension and prediction horizon, the number of polyhedral
regions in the state partition increases exponentially and this
limits the applicability of mp-MPC to small and medium-sized

control problems.17

Fast MPC, conversely, is capable in handling large scale
problems, and therefore can be used to facilitate the efficient
integration of scheduling and control of large-scale processes.
Fast MPC for linear systems transforms the MPC problem into
a convex quadratic programming problem, for which efficient
nonlinear programming methods and computational tools can

be used to speed up the computation by exploring the problem
structure. Among the existing work in the literature, three
solution approaches can be identified: active set method,18

interior point method,19,20 and Fast gradient method.17,21

These methods are specifically elaborated in section “The role
of fast MPC.” Zavala et al.22 developed algorithms for fast

nonlinear MPC that is based on sensitivity calculation for the
Karush–Kuhn–Tucker (KKT) conditions of the NLP derived
from differential and algebraic equations (DAE) of the nonlin-
ear MPC. This approach was further investigated and applied
in large scale industrial processes in Lopez-Negrete et al.23

In this study, we propose an integrated framework that
involves two control loops for the online integration of sched-

uling and control (Figure 1). In the outer loop, we approximate
the original process dynamics using a piece-wise affine
(PWA) model and incorporate it with the scheduling level.
This leads to an integrated problem that is subject to linear
constraints. The integrated problem at the outer loop generates
both the production scheduling and the state reference for con-

trol problem. The scheduling solution and state reference are
transferred to the inner loop where the fast MPC tracks the
state reference and computes the exact control solution online.
Note that these two loops correspond to different models and
different time scales. The outer loop uses the integrated model
and solves it in the period of days or weeks while the inner

loop uses the process dynamic model and updates the solution
in seconds. Essentially the inner loop is solved much more fre-
quently than the outer loop does. Following this approach, the

outer loop is able to achieve an overall optimality for both
scheduling and control levels efficiently, and the inner loop
fast MPC is able to respond quickly to the local disturbance.
Note that the proposed approach is applicable in a dynamic
market environment as the outer loop incorporates the market
information such as demand and price. The proposed frame-
work solves an integrated model to guarantee the overall opti-
mality and uses fast MPC to respond timely to process
disturbances. While solving the integrated problem the latest
market information such as material price and product
demands are incorporated into the integrated problem, and the
scheduling solutions are updated accordingly.

In this study, we assume that the state deviation is caused
by random disturbance on the state or manipulated variables
rather than systematic failure. When disturbance is detected
(state deviation from the referece is measured), the state infor-
mation is feedback to the inner fast MPC or outer integrated
problem. A threshold is introduced to determine the feedback.
If the state deviation is less than the threshold, the state is
feedback to inner fast MPC and locally treated by fast MPC.
Otherwise if the state deviation is large (higher than the
threshold) it is feedback to the integrated problem and the
scheduling solution is updated accordingly. The threshold is
an empirical value and it is determined to avoid the unecessary
changes of the scheduling solution when disturbances are
small enough that can be handled efficiently in the control
level, whereas updates in the scheduling solution are consid-
ered if significant disturbance occurs. In the following, we
present an overview of the steps of implementing the proposed
framework in Figure 1.

Overview of steps of implementing the integrated
framework in Figure 1

Step 1: Transform the nonlinear first-principle model into
PWA. The detailed approach of PWA approximation is pro-
posed in sectioin “A PWA identification technique using
optimization methods” (i.e., problem (7)).

Step 2: Integrate the obtained PWA with the scheduling
level and form an integrated problem. The constraints that
incorporate PWA into scheduling level are built in Section
“Integrated problem incorporating PWA systems” (i.e.,
Eqs. 8–38, problem (43)).

Step 3: Solve the integrated problem for a future horizon
(i.e., fixed or flexible production cycle), and obtain schedul-
ing and the state reference (dynamic profiles during
transitions).

Step 4: Transfer the scheduling solution and state refer-
ence to the inner loop which is handled by fast MPC.

Figure 1. Online integration of scheduling and control.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Step 5: Solve for fast MPC based on the PWA model

obtained in step 1. Fast MPC tracks the state reference and

generates the online control solution. The detailed algorithm

of fast MPC is proposed in Section “Fast MPC for PWA

systems” (i.e., Eqs. 46–50).
Step 6: Input the control solution to the process and mea-

sure the states. If the error between measured state and state

reference is smaller than the threshold, go to the next sample

step and go to step 5 (i.e., stay in the inner loop). If the error

is greater than the threshold, go to step 3 (i.e., go to the

outer loop).
The rest of the article is organized as follows. In Section

“Integration of scheduling and control based on PWA model”

we review the PWA model identification techniques and pro-

pose a PWA identification technique to approximate nonlinear

dynamics using an optimization method. Then we model the

integration of scheduling and control incorporating the PWA

approximation model of process dynamics. In Section “Fast

MPC for PWA systems,” we propose fast MPC strategy for

PWA model where we design the detailed algorithm and ana-

lyze the stability of the control system. To test the proposed

integrated model as well as fast MPC strategy, we study two

case studies in Section “Case studies,” one for SISO CSTR

and the other for MIMO CSTR. Finally, conclusions of this

study are made.

Integration of Scheduling and Control Based on
PWA Model

The main challenge of integration of scheduling and control

for chemical processes is that the integrated problem cannot

be solved as fast as it is required for the control level but also

that the scheduling solution should not be adjusted all the

time. As scheduling and control levels correspond to different

dynamics and different time scales, an appropriate integration

has to capture the process behavior well enough at both sched-

uling and control levels, while maintaining the appropriate

level of integration.1 Moreover, the integrated problem should

not be very computationally expensive thus the integrated

solution could be updated timely when disturbance occurs.

Typically an integration results in a MIDO which is discre-

tized into a MINLP using collocation point method6,24–26 or

implicit RK4 method.9 However, the nonlinearity in MINLP

poses significant difficulty in the computation method of solv-

ing the integrated optimization problem.
In control practice, a standard way to handle the nonlinear

dynamics is to linearize the nonlinear model around operating

points. However, the linearized model is valid only if the pro-

cess operates at the vicinity of operating points. It is just an

approximation of the actual process dynamics when process

experiences transitions where the states are far from the opera-

tion points (e.g., steady-state points). In contrast, PWA sys-

tems have shown to be an effective approach in dealing with

nonlinear systems.27–29 The basic idea of PWA system is that

the nonlinear dynamics can be approximated by a collection

of distinct linear (or affine) dynamic approximations with

associated regions of validity. Compared to standard linear

model, PWA composes a group of linear models and therefore

it is capable to address the process dynamics at the entire state

domain. PWA models eliminate the nonlinearity while retain-

ing high approximation accuracy.

A brief review of the PWA identification techniques

There are two types of techniques regarding PWA model iden-
tification. One is clustering technique where PWA models are
obtained by processing K-means algorithm on input-output data.
Ferrari-Trecate et al.30 combined use of clustering, linear identifi-
cation, and pattern recognition techniques to identify both the
affine submodels and the polyhedral partition of the domain.
Magnani and Boyd31 proposed a heuristic method for fitting a
convex piecewise linear function to a given set of data. It uses K-
means algorithm for clustering, and requires the piecewise linear
function to be convex. Researchers32–37 use K-means clustering
technique or variations derived from that. The downside of this
approach is that there is no guarantee that the union of regions
obtained by clustering is able to cover the whole area of the orig-
inal domain without gaps where the model is actually defined.

The other type of PWA identification technique is optimiza-
tion based PWA approximation. This technique applies to the
cases where the original nonlinear functions are available.
�Stevek et al.38 proposed a two-stage optimization-based
approach. At the first stage, they fit the input/output data using
multivariable nonlinear functions that are represented as a sum
of products of functions in single variables. They use neural
networks with predefined basis functions to obtain the nonlin-
ear functions. At the second stage they obtain the PWA
approximation for the nonlinear functions obtained in the first
stage using the approaches in Kvasnica et al.39 Kvasnica
et al.39 handles one-dimensional (1-D) functions. They treat
the partition of the domain and the corresponding linear model
as decision variables and build an optimization problem (1) to
minimize the error between the PWA and the original func-
tions. For example, PWA approximation ~f ðxÞ for a nonlinear
function y 5 f ðxÞ5 x3 is obtained through solving problem (1)
where A and B are coefficients in PWA and r is the partition of
the x domain. Note that continuity is enforced by the third con-
straint. The solutions (PWA ~f ðxÞ5Aix1Bi) are presented in
formula (2) and Figure 2

min Ai;Bi;ri

ð�x
x

ðf ðxÞ2~f ðxÞÞ2dx

s:t:

~f ðxÞ5Aix1Bi if x 2 ½ri21; ri�

x5r1 � � � � � rN215�x

Airi1Bi5Ai11ri1Bi11

8>>>><
>>>>:

(1)

~f ðxÞ5Aix1Bi5

7:431x17:495; 22 � x < 21:123

0:757x; 21:123 � x < 1:123

7:431x27:459; 1:123 � x < 2

8>><
>>: (2)

For two and multiple dimensional functions, Kvasnica
et al.39 investigated two particular cases

CASE 1. If the function f ðx1; x2; . . . ; xnÞ is separable, that is,
f ðx1; x2; . . . ; xnÞ5 f1ðx1Þ1 f2ðx2Þ 1 � � �1 fnðxnÞ, then apply 1-
D approximation for each term.

CASE 2. If the function f ðx1; x2; . . . ; xnÞ is in a form of prod-
uct that is, f ðx1; x2; . . . ; xnÞ5 f1ðx1Þf2ðx2Þ � � � fnðxnÞ, then intro-
duce new variables to transform the product into a summation
form in case 1. For example, let y1 5 x1 1 x2 and y2 5 x12x2,
we have x1x2 5 y2

1 2 y2
2

� �
=4.

However, for general multiple dimension functions that can-
not be put into the form of case 1 and 2, Kvasnica et al.39 did
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not provide any approximation approaches. Julian et al.40

explored a uniform triangular-shape partition for the domain and
approximated a nonlinear function by adjusting the grid size of
the partition. Zavieh and Rodrigues41 used heuristic selection of
linearization points where a new linearization point is deter-
mined by the intersection of tangential lines associated with the
old linearization points. Casselman and Rodrigues42 used a set of
linearization points and Voronoi partitions in the approximation.
Sontag43 discussed the stability, controllability, and observability
in PWA systems. However, the existing work in PWA identifica-
tion cannot handle a general form of nonlinear model.

A PWA identification technique using optimization
methods

To overcome the shortcomings of the optimization based
PWA identification described in previous section, we propose
a PWA identification technique that is able to handle general
forms of nonlinear function. In two-dimensional (2-D) cases

we use rectangular partition of the domain of function f ðxð1Þ;
xð2ÞÞ (Figure 3). Index i 2 I5f1; 2; :::;Nig is associated with

xð1Þ, and j 2 J5f1; 2; :::;Njg is associated with xð2Þ. Intermedi-

ate points x
ð1Þ
int ;i and x

ð2Þ
int ;j are introduced as partitions for xð1Þ

and xð2Þ, respectively. Therefore, we have constraints: x
ð1Þ
int ;0

� x
ð1Þ
int ;1 � � � � � x

ð1Þ
int ;Ni

and x
ð2Þ
int ;0 � x

ð2Þ
int ;1 � � � � � x

ð2Þ
int ;Nj

, where

x
ð1Þ
int ;0 and x

ð2Þ
int ;0 are the lower bounds of xð1Þ and xð2Þ and x

ð1Þ
int ;Ni

and x
ð2Þ
int ;Nj

are the upper bounds. Ni and Nj are the number of

intermediate points for xð1Þ and xð2Þ. The subindex “int” repre-

sents “intermediate points.”
Define the Valid Regions (VR) and the PWA.

VRi;j5fðxð1Þ; xð2ÞÞjxð1Þint ;i21 � xð1Þ � x
ð1Þ
int ;i; x

ð2Þ
int ;j21 � xð2Þ � x

ð2Þ
int ;jg
(3)

f̂ i;jðxð1Þ; xð2ÞÞ5ai;jx
ð1Þ1bi;jx

ð2Þ1ci;j; ifðxð1Þ; xð2ÞÞ 2 VRi;j (4)

Equation 3 determines that point ðxð1Þ; xð2ÞÞ belongs to a cer-
tain valid region and Eq. 4 provides the Linear Time Invariant
(LTI) associated with the regions.

Constraints. The profile of PWA should be continuous at
the boundaries of valid regions. In other words, the function

values of adjacent LTIs are the same at the boundaries. Note

that if the continuity at the intersection points is established,

then the continuity at the segment defined by the intersection

points is established as well. For example, at point A in Figure

3, the LTIs of the four adjacent valid regions should have the

same value. This gives rise to the constraints in Eq. 5

f̂ i;jðx
ð1Þ
int ;i; x

ð2Þ
int ;jÞ5f̂ i11;jðx

ð1Þ
int; i; x

ð2Þ
int; jÞ

5f̂ i;j11ðx
ð1Þ
int ;i; x

ð2Þ
int ;jÞ5f̂ i11; j11ðx

ð1Þ
int; i; x

ð2Þ
int; jÞ

(5)

More specifically

ai;jx
ð1Þ
int; i1bi;jx

ð2Þ
int; j1ci;j

5ai11;jx
ð1Þ
int; i1bi11;jx

ð2Þ
int; j1ci11;j

5ai;j11x
ð1Þ
int; i1bi;j11x

ð2Þ
int; j1ci;j11

5ai11;j11x
ð1Þ
int; i1bi11;j11x

ð2Þ
int; j1ci11;j11

(6)

Optimization Problem. The proposed PWA identification

approach can be modeled as an optimization problem with

decision variables that include the partition of the domain

x
ð1Þ
int; i; x

ð2Þ
int; j and the coefficients of LTI ai;j; bi:j; ci;j, and con-

straints that specify the continuity constraints in (6). The

objective of the optimization problem is to minimize the sum

of squared error between the PWA and the original function as

provided in problem (7)

min
x
ð1Þ
int; i

;x
ð2Þ
int; j

;ai;j;bi:j;ci;j

X
i

X
j

f̂ ðxð1Þint; i; x
ð2Þ
int; jÞ2 f ðxð1Þint; i; x

ð2Þ
int; jÞ

� �2

s:t: ð3Þ–ð6Þ
(7)

The optimization problem of identifying PWA from a three-

dimensional (3-D) function is provided in Appendix.
The goodness of PWA approximation can be quantified by

the sum of squared error as shown in problem (7). If more dis-

cretization points are used (Figure 3) the resulting PWA is

more accurate. The optimal control problem at control level is

an infinite dimensional optimization problem and the discreti-

zation using PWA transfers it into a finite dimensional optimi-

zation problem with linear constraints.

Figure 2. Example of 1-D PWA approximation.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 3. Rectangular partition of the domain of 2-D
functions.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Complexity Analysis. The decision variables of problem

(7) include the coefficients of PWA ai;j;k;���; bi:j;k;���;
�

ci;j;k;���;
di;j;k;���; � � �Þ and the intermediate points of each dimension

x
ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; k; � � �

� �
. If there is an additional dimension,

there would be a new coefficient in PWA, a new dimension
subindex for each coefficient and a new group of intermediate
points. Therefore the number of coefficients of PWA and the
number of intermediate points are increasing in the order of o
NðN11Þð Þ and oðNÞ, respectively, where N is the number of

dimension. However, the number of constraints is increasing
exponentially with respect to the number of dimensions, since
the number of adjacent valid regions is increasing in the order

of oð2NÞ and the associated linear functions all have the same
value at the intersection point (the continuity constraints). For
example for a 2-D function, there are 4 continuity constraints
and for a 3-D function, there are 8 continuity constraints (Eqs.
6 and A4).

Integrated problem incorporating PWA systems

In this study we address continuous cyclic production for
which the scheduling constraints are adopted from the work of
Flores-Tlacuahuac and Grossmann.6 The constraints at control
level are built via the PWA identification proposed in section
“A PWA identification technique using optimization methods.”
The PWA model is incorporated into the scheduling constraints
by introducing extra binary variables in a similar way as the pre-
vious work in mp-MPC.15 Since the outer loop MPC has a fixed
horizon, cycle time Tc is not a decision variable. Thus the objec-
tive is linear and the integrated problem is a MILP.

Constraints at Scheduling Level. Product assignment.

XNs

s51

yp;s51; 8p 2 Sp (8)

XNp

p51

yp;s51; 8s 2 Ss (9)

where yp;s are binary variables indicating the assignment of
each product in each slot. yp;s51 if product p is assigned to
slot s, otherwise yp;s50. Equations 8 and 9 imply that only one
product is produced in one slot and each product can only be
produced in one slot.

Production and demands.

Wp5GpHp; 8p 2 Sp (10)

Wp � Dp; 8p 2 Sp (11)

Inequality (11) implies that the production amount of each
product Wp, which is a product of production rate Gp and pro-
duction time Hp (Eq. 10), should satisfy the demand Dp in cur-
rent production cycle.

Production time.

Hp;s � Hmax yp;s; 8p 2 Sp; s 2 Ss (12)

Hp5
XNs

s51

Hp;s; 8P 2 Sp (13)

Hs5
XNp

p51

Hp;s; 8s 2 Ss (14)

Inequality (12) implies that the production time Hp;s is less
than the maximum duration allowed for producing product p

in slot s. In Eqs. 13 and 14, Hp, Hs define the production time
of product p and slot s, respectively.

Timing constraints.

ts150 (15)

tes5tss1Hs1ht
s; 8s 2 Ss (16)

tss5tes21; 8s 2 Ssnf1g (17)

te
s � Tc; 8s 2 Ss (18)

Equation 15 initializes the starting time of the first slot. As
described by (16), the ending point tes is equal to the sum of
the starting point tss, the production Hs and transition times ht

s

of the current slot. Equation 17 enforces that the starting point
in slot s equals the ending point of the previous slot to ensure
continuity between slots. Inequality (18) indicates that all slots
should end before the end of the cycle.

Constraints at Control Level. Selection of LTI in
PWA. The LTI described by Eq. 19 is valid when state xs;k is
in the region of validity Xxi. We transform this implicit
requirement into explicit constraints (Eqs. 20–23) by introduc-
ing binary variables y1s;k;i. If y1s;k;i51, the region of validity
Xxi is selected by (20) and thus the LTI associated with coeffi-
cients Ai;Bi;Ci is selected through the constraints (21) and
(22). Equation 23 indicates that only one LTI is selected at
each sample step

xs;k115Aixs;k1Bius;k1Ci; if xs;k 2 Xxi5fx : Vix � Wig (19)

2Mð12y1s;k;iÞ1Vixs;k � Wi; 8s 2 Ss; k 2 Sk; i 2 Si (20)

xs;k11 � Aixs;k1Bius;k1Ci2Mð12y1s;k;iÞ; 8s 2 Ss; i 2 Si; k
2 ðSk2fNkgÞ

(21)

xs;k11 � Aixs;k1Bius;k1Ci1Mð12y1s;k;iÞ; 8s 2 Ss; i 2 Si; k
2 ðSk2fNkgÞ

(22)X
i

y1s;k;i51; 8s 2 Ss; k 2 Sk (23)

Bounds for state and manipulated variables.

xmin � xs;k � xmax ; 8s 2 Ss; k 2 Sk (24)

umin � us;k � umax ; 8s 2 Ss; k 2 Sk (25)

2Du � us;k112us;k � Du; 8s 2 Ss; k 2 SknfNkg (26)

Inequalities (24) confine the states using lower and upper
bounds while the constraints (25) and (26) introduce lower/
upper bounds for the manipulated variables and their incre-
ments, respectively.

Determination of the end of transitions and evaluation
of the transition times. In the integration of scheduling and
control for continuous processes, the control action applies to
the transitions between products that are distinguished by their
steady states. The time points and state values at the beginning
and end of the transitions are important variables in connect-
ing scheduling and control levels. In practice, the transitions
naturally start from the steady state of the previous product
but the end point and the duration of transition are unknown.
Therefore in the integrated model we need to build constraints
to determine the end of the transition and calculate the transi-
tion time accordingly.

As shown schematically in Figure 4, there is a need to deter-
mine whether the process states governed by the PWA model
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reach the end of transition or not. Thus in this section we

develop the constraints required to enable this. Constraints

(27)–(30) enforce that the transient states achieve the steady-

state values when transitions end.
Due to the existence of some margins around the set point, if

the state is between the lower bound �xs2xmargin and the upper

bound �xs1xmargin, it is viewed as meeting the set point (steady-

state point �xs). To determine the end of transition we need to

identify the point that lies within the bounds while the previous

point is outside the bounds. Two types of binary variables are

involved in determining the end of transition y4s;k and y5s. y4s;k

indicates whether the end of transition state is reached or not

while y5s indicate if the state right before the end of transition

is above or below the bounds. More specifically, if y4s;k51,

step k is selected as the end of transition and the state at step k
is within the bounds. If the state at step k21 is above the upper

bound �xs1xmargin, y5s51 whereas if it is below the lower bound

�xs2xmargin, y5s50. Conceptually, y5s50 means state increases

to steady state during transition (as shown in Figure 4) and

y5s51 means state decreases to steady state.
Inequality (27) is based on the definition of y4s;k and (28)

ensures that only one of the step points is selected as the end

of the transition

�xs2xmargin2Mð12y4s;kÞ � xs;k � �xs1xmargin1Mð12y4s;kÞ;

8s 2 Ss; k 2 Sk

(27)X
k

y4s;k51; 8s 2 Ss (28)

If y4s;k50, the end of transition is not reached and con-

straints (27), (29), and (30) are relaxed. If y4s;k51 step k is the

end of transition, so constraint (27) enforces that the state at

step k (xs;k) must be within the quality bounds, and constraint

(29) enforces that the state at step k21 (xs;k21) must be below

the lower bound �xs2xmargin or above the upper bound
�xs1xmargin. The transition time is determined as kh by con-

straints (30)

�xs1xmargin2Mð22y4s;k2y5sÞ � xs;k21 � �xs2xmargin

1Mð12y4s;k1y5sÞ; 8s 2 Ss; k 2 Sknf1g
(29)

kh2Mð12y4s;kÞ � ht
s � kh1Mð12y4s;kÞ; 8s 2 Ss; k 2 Sk

(30)

Constraints That Link Scheduling and Control Level.
Initial values and steady-state values are linked by yp;s.

xin;s5
XNp

p51

xss;pyp;s21; 8s 2 Ssnf1g (31)

xin;15
XNp

p51

xss;pyp;Ns
(32)

xs;15xin;s; 8s 2 Ss (33)

Equations 31 and 32 calculate the initial state value at each
slot. Equation 33 defines the initial state value xin;s as the value
of the first sample step

uin;s5
XNp

p51

uss;pyp;s21; 8s 2 Ssnf1g (34)

uin;15
XNp

p51

uss;pyp;Ns
(35)

us;15uin;s; 8s 2 Ss (36)

Equations 34–36 compute the initial value for manipulated
variables following the similar way as shown in Eqs. 31–33.
Note that xs;1 and us;1 are also present in the dynamic PWA in
Eq. 19. They are linked to the scheduling variables ðxss;p; uss;p;
yp;sÞ through (31)–(36). Thus constraints (31)–(36) demon-
strate how scheduling and control are linked.

The desired values and steady-state values are linked by
yp;s.

�xs5
XNp

p51

xss;pyp;s; 8s 2 Ss (37)

�us5
XNp

p51

uss;pyp;s; 8s 2 Ss (38)

Eqs. 37 and 38 compute the desired state values and desired
manipulated variables at each slot.

Optimization Problem. To achieve economically optimal
operations of chemical processes, we utilize the objective of
maximizing profit per unit time, which can be calculated as
follows. Profit per unit time (U) 5 (Revenue – Raw material
cost – Utility cost)/Cycle time

U5U12U22U3 (39)

U15
XNp

p51

PpWp

Tc

(40)

U21U3

5
XNs

s51

Xht
s=hs

k51

ðPru1s;k1Puu2s;kÞhs1
XNs

s51

ðPru1s1Puu2sÞHs

0
@

1
A 1

Tc

(41)

where U1;U2, and U3 represent the revenue rate, raw material
cost rate, and utility cost, respectively. Note that for continu-
ous processes raw material cost and utility cost (heating/cool-
ing) can be combined in (41) where u1 represents raw material

Figure 4. The end of the transition locates at the point
inside the bounds with the prior one locating
outside the bounds.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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feeding flow rate and u2 represents utility flow rate. The total

revenue is given as the amount produced (Wp) times the prod-

uct price (Pr). Raw material cost is composed of two parts, the

raw material consumption during production periods (the sec-

ond term in the parenthesis of (41)) and during the transition

periods (the first term in the parenthesis of (41)). Utility cost is

calculated following the similar way of raw material cost.

Note that the raw material consumed during the transition is

the shaded area of Figure 4 which can be calculated as

ðt5ht
s

t50

uðtÞdt �
Xk5ht

s=hs

k51

us;khs (42)

Combining the objective functions described in (39)–(41)

and the constraints at both scheduling level (8)–(18), control

level (19)–(30) and the linking constraints (31)–(38) we obtain

the optimization model for the integrated problem as shown in

(43)

max yp;s;xs;k ;us;k ;h
t
s;Hp;Wp;tss;t

e
s ;Tc

U12U22U3

s:t:

ð8Þ–ð18Þ constraints at scheduling level

ð19Þ–ð30Þ constraints at control level

ð31Þ–ð38Þ linking constraints

8>>>><
>>>>:

(43)

Fast MPC for PWA Systems

The role of fast MPC

The MPC problem for LTI systems with quadratic objective

corresponds to a quadratic programming (QP) problem. Fast MPC

solves the QP problem online to satisfactory optimality criteria,

whereas if mp-MPC is used the calculations are done offline.
One of the shortcomings of mp-MPC however, is that the

number of critical regions grows exponentially with respect to

the size of MPC problem (e.g., number of input and output,

prediction horizon). In contrast, fast MPC can solve large scale

problem online. Another advantage of fast MPC is that fast

MPC is capable to perform Real Time Optimization (RTO) as

described by problem (44) where the reference �xk (set point) is

a continuous function rather than a fixed value. However, mp-

MPC treats the reference trajectory as parameters and the

parameter space (the critical regions) is exponentially increas-

ing with respect to the length of prediction horizon (the length

of reference track). This makes it impossible to apply mp-

MPC in cases with long prediction horizon.

min uk

XN21

k51

kxk112�xk11kQk

2 1kuk2�ukkRk

2

� �
1kxk1N2�xk1NkQN

2

s:t:

x15x0

xk115Axk1Buk1C; k51; . . . ; N21

xmin � xk � xmax ; k51; . . . ; N

umin � uk � umax ; k51; . . . ; N

8>>>>>>>><
>>>>>>>>:

(44)

The general methodology of fast MPC for linear systems is

to transform the MPC problem into a convex quadratic pro-

gramming, apply nonlinear programming methods and speed

up the computation by exploring the problem structure. The
detail solution approaches can be categorized as, interior point
method (barrier method), active set method and fast gradient
method. Using interior point method the MPC problem is built
as a QP and the inequality constraints of QP are treated with a
log barrier and added to the objective.19,44 The resulting prob-
lem is then solved using Newton’s method with the barrier
coefficient adjusted in each iteration till convergence. When
active set method is applied to MPC problem,18 equality prob-
lems are defined by active set of the original QP and updated
when different active constraints are considered in the equality
problems. Thus the equality problems are solved sequentially
and the iterations are terminated if all KKT conditions are sat-
isfied. Fast gradient method45 has also been applied in solving
the linear quadratic MPC problem where iteration algorithms
with derived lower iteration bounds are developed.17,21

Recently a primal-dual interior point method is applied in solv-
ing MPC problems46 where the authors proposed an efficient
solution method for the KKT conditions derived from the lin-
ear MPC problem and thus speed up the interior point method.

Fast MPC for PWA systems

Note that the above mentioned fast MPC strategies are tar-
geting linear systems. In the following we propose an algo-
rithm of implementing fast MPC on nonlinear systems
(problem (45)). The basic idea is to first derive the PWA
model from nonlinear dynamics, and then iteratively locate
the LTI in PWA and implement fast MPC at the local LTI so
as to quickly drive the states to the next sample step.

min xðtÞ;uðtÞ

ðt5tH

t50

xTQx1uTRu
� �

dt1xT
NQxN

s:t:

xð0Þ5x0

_x5f ðx; uÞ

xmin � xðtÞ � xmax ; 0 � t � tH

umin � uðtÞ � umax ; 0 � t � tH

8>>>>>>>><
>>>>>>>>:

(45)

Step 1: Transform nonlinear dynamics _x5f ðx; uÞ into
PWA using the proposed optimization method in Section “A
PWA identification technique using optimization methods”

PWA5[
i

LTIðiÞ (46)

LTIðiÞ : xðk11Þ5AixðkÞ1BiuðkÞ1Ci

if xðkÞ 2 Xi5fx : Vix � Wig; i 2 Si5f1; 2; . . . Nig

where [i Xi5Xx and Xi1 \ Xi2 51 if i1 6¼ i2

(47)

Step 2: Set the initial state and initial manipulated varia-
bles ðx0; u0Þ

Step 3: Locate the corresponding LTI for current states

if x 2 Xi5fx : Vix � Wig; i 2 Si5f1; 2; . . . Nig;

then select LTIðiÞ : xðk11Þ5AixðkÞ1BiuðkÞ1Ci

(48)

This step can be computationally very expensive espe-
cially when x and u are of high dimensions. If an enumera-
tion method is used someone has to loop over all the LTIs
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to determine the position of ðxðk11Þ; u�ðkÞÞ, leading to com-

plexity that is increasing in the order of o PiNið Þ. To lower

the complexity we use binary search method47,48 with much

lower computational complexity o
P

i lg ðNiÞ
� �

.

When the dimension is high and the number of discretiza-

tion points is large, binary search is significantly faster. This

is shown in (Table 1) with an example of searching for a

LTI in a 3-D PWA with varying number of discretization

points (10, 100, and 200).
Step 4: Solve the MPC problem (49) for LTI(i) using tool-

box FORCES49 which is based on primal-dual interior-point

method,46 and obtain u�ðkÞ. Primal-dual interior-point

method efficiently solves for the KKT conditions derived

from the linear MPC problem and thus speed up the interior

point method. Note that problem (45) is a general form of

MPC for nonlinear systems. Problem (49) is the MPC for-

mulation for PWA systems where a dynamic reference �xk1kp

is tracked

min
uk

XN21

kp51

kxk1kp
2�xk1kp

kQkp

2 1kuk1kp212�uk1kp21k
Rkp

2

� �

1kxk1N2�xk1NkQN

2

s:t:

xk5x0

xk1kp
5Aixk1kp211Biuk1kp211Ci; kp51; . . . ; N

xmin � xk1kp
� xmax ; kp51; . . . ; N

umin � uk1kp
� umax ; kp51; . . . ; N

8>>>>>>>><
>>>>>>>>:

(49)

Step 5: Evaluate the state transfer using the following

equation

xðk11Þ5AixðkÞ1Biu
�ðkÞ1Ci (50)

Step 6: k 5 k11, go to step 3.

Stability analysis

Input-output stability implies Bounded Input-Bounded Output

(BIBO) stability, that is, in a well behaved system a bounded

input should result in a bounded output.50 As PWA is a dis-

crete system and the stability is relevant to the sample step, we

analyze the stability in the context of z-transform and derive

the necessary conditions for a stable PWA. The necessary con-

ditions provide a reference when deciding the sample step.
A general form of PWA xðk11Þ5AxðkÞ1BuðkÞ1C, where

xðkÞ 2 Rn31, uðkÞ 2 Rm31, A 2 Rn3n, B 2 Rn3m, C 2 Rn31 has

an equivalent form

x0ðk11Þ5Ax0ðkÞ1Bu0ðkÞ (51)

where x0ðkÞ5xðkÞ1M1 and u0ðkÞ5uðkÞ1M2. M1 and M2 can

be obtained through ðA2IÞM11BM25C.
Applying z transform to (51) yields

ðI2Az21ÞXðzÞ5Bz21UðzÞ (52)

Thus we obtain a transfer function

XðzÞ
UðzÞ5ðI2Az21Þ21Bz21 (53)

The necessary conditions for BIBO stability of (52) are that

the absolute value of all the diagonal terms of A should be less

than one

jAiij < 1; 1 � i � n (54)

Case Studies

To demonstrate the feasibility of the proposed PWA identi-

fication and solve the integrated problem using PWA and fast

MPC, we studied two numerical cases, a SISO CSTR and a

MIMO CSTR continuous production.

SISO CSTR

The data for the first case study involving a CSTR is taken

from Flores-Tlacuahuac and Grossmann.6 The reaction 3R�!k
P takes place in an isothermal CSTR with reaction rate

2rR5kC3
R, while products A, B, C, D and E, which are differ-

entiated by their concentration CR (Table 2), are manufactured

in a cyclic mode (Figures 5 and 6). The basic dynamic model

of the process is shown in Equation 55.

dCR

dt
5

Q

V
C02CRð Þ1rR (55)

where C0 is feed stream concentration, Q is the feed flow rate

(i.e., manipulated variable), and CR is the concentration of the

raw material in the outflow (i.e., state variable). Using u and x
to represent the manipulated and state variable respectively

leads to the following

Table 1. Comparison of Enumeration and Binary Search

Based on Their CPU Time Used in Searching for a LTI in a

3-D PWA Xx �Xu 	 R3

Number of discretization
N15N25

N3510
N15N25

N35100
N15N25

N35200

Binary search CPU time 0.016s 0.036s 0.047s
Enumeration CPU time 0.016s 1.922s 14.266s

Table 2. Steady-State Information of a CSTR with Cyclic

Production

Product QðL=hÞ CRðmol=LÞ
Demand

rate ðkg=hÞ
Product

price ð$=kgÞ
A 10 0.0967 3 200
B 100 0.2 8 150
C 400 0.3032 10 130
D 1000 0.393 10 125
E 2500 0.5 10 120

Figure 5. CSTR cyclic production, feeding flow rate is
the manipulated variable and raw material
concentration is the state variable.
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dx

dt
5

u

5000
ð12xÞ22x3 (56)

PWA Identification. Following the PWA identification

approach presented in Section “A PWA identification tech-

nique using optimization methods,” we transform the nonlin-

ear dynamics in (56) into PWA by solving problems (7) using

GAMS/IPOPT. Using 10 discretization points for x and u
results in the solution of problem (7) in 3.4 CPU s. The profile

of the original function and PWA are shown in Figure 7 where

the smooth and colored sphere represents the original nonlin-

ear dynamic and the grid represents the PWA.

Solving the Integrated Problem. In this case study, we

assign five slots, five products, 20 sample steps during transi-

tions. Therefore, Np5NS55, Nk520. We solve the integrated

problem with PWA and the original integrated problem

MINLP using GAMS/SBB and summarize the results in Table

3.
The scheduling solution including production sequence,

transition time, production time for each product and the eco-

nomic performance such as revenue, cost and profit are pro-

vided in Table 3. The CPU time of the original integrated

problem is higher. This is due to its nonlinearity brought by

the discretization using implicit RK4 method. However, the

objective values (the profit) of the original integration and the

integration using PWA are almost the same.

Implementation of Fast MPC. We implement fast MPC

on the obtained PWA system following the algorithm pre-

sented in Section “Fast MPC for PWA systems.” The original

control problem is a nonlinear MPC problem (57), which is

transformed through the PWA identification method.

min
u

J5

ðtH
0

jx2�xref j dt

s:t:

dx

dt
5

u

5000
ð12xÞ22x3

xð0Þ5x0

0 � xðtÞ � 1; 0 � t � tH

0 � uðtÞ � 3000; 0 � t � tH

Du � 200

8>>>>>>>>>>><
>>>>>>>>>>>:

(57)

The PWA of this case has 100 LTIs. It takes 0.0636 CPU s
to solve for the entire transition using a sample step of 0.02 h,
and 0.000279 CPU s for the MPC problem over the local LTI
at one sample step. The calculations were performed using a
PC of 1.86 GHz/4GB RAM. Figures 8 and 9 illustrate two
examples of transition (transition from product 2 to 5 and tran-
sition from product 5 to 4). Both figures demonstrate the pro-
files of manipulated variables and state variables. Note that the
manipulated variables are subject to a bound of 200 L/h that
represents the maximum increasing or decreasing rate within
one sample interval. In Figure 8 the manipulated variable feed-
ing flow rate Q increases up to its maximum value 3000 L/h to

Figure 6. CSTR cyclic production, each slot is com-
posed of a transition period and a produc-
tion period.

Figure 7. Profiles of the nonlinear dynamic and the
PWA.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 3. Results of the Integrated Problem of SISO CSTR

Case

Types of integration
Integration
using PWA

Original
integration MINLP

Number of variables 1601 2986
Number of constraints 4542 4046
CPU time (s) 334.64 785.72
Relative Gap 1.19 % 1.16 %
Optimal sequence D-E-A-B-C D-E-C-A-B
Cycle time 116.52 116.02
Transition time in

slot 1 to 5 (h)
0.600, 1.000,

52.200, 0.500,
0.600

0.558, 0.832,
1.767, 56.885,

0.500
Production time in

slot 1 to 5 (h)
0.198, 0.880,

44.282, 13.750,
2.511

0.243, 0.928,
4.162, 38.525,

11.600
Revenue ($) 4639.03 4458.95
Raw material cost ($) 1174.48 993.12
Profit ($) 3464.55 3465.83

Figure 8. Transition profile from product 2 to product 5
in SISO CSTR, obtained by fast MPC.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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drive the concentration of raw material CR from one steady

state 0.2 mol/L to another steady state 0.5 mol/L in a short

time period. Note that Q decreases to the corresponding

steady-state value of 2500 L/h before CR is approaching

0.5 mol/L. This is due to the involvement of MPC that helps to

avoid the overshot. Similarly in Figure 9 the feeding flow rate

Q decreases to its minimum value 10 L/h to speed up the tran-

sition and then adjusts to 1000 L/h to catch the following pro-

duction period where the steady-state value of CR is

0.393 mol/L.

The Effects of Threshold at the State Feedback in the Pro-
posed Framework. As describe in the introduction section, a

threshold of state deviation is used to determine whether the

state information is feedback to the inner fast MPC or outer

integrated problem so that the scheduling solution can be

updated. As we test many different values of the threshold, we

find that a state deviation less than 0.08 mol/L would not dis-

rupt the scheduling solution and thus could be handled by the

fast MPC, while in the case of a state deviation greater than

that it is more profitable to update the scheduling solution.

Therefore we set up the threshold as 0.08 mol/L. Figures 10
and 12 demonstrate two examples of the responses to minor
disturbance at transtion and production periods where the
scheduling solutions are not interupted. In Figure 10, the dis-
turbance occurs at 0.7 h with magnitude 0.04 mol/L. As this is
a minor disturbance the scheduling solution of the integrated
problem is not updated, i.e., the process continues with the
current transition to product 5. In Figure 12, the disturbance
occurs at steady state with magnitude 0.05 mol/L and the con-
trol action adjusts the deviated state back to the steady state.
Figure 11, however, demonstrates a significant disturbance at
transitions and thus the scheduling solution is updated, i.e., the
process goes to another production stage. In this case the dis-
turbance occurs at 1.2 h with magnitute 0.09 mol/L. This is a
significant deviation and the scheduling solution is updated to
keep the optimality of the overall operations. So product 4 is
produced next instead of product 5.

Figure 9. Transition profile from product 5 to product 4
in SISO CSTR, obtained by fast MPC.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Disturbance with magnitude 20.04 (less
than threshold 0.08) at time 0.7 h (in transi-
tion), handled by fast MPC, scheduling
solution does not change.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 11. Disturbance with magnitude 20.09 (great
than threshold 0.08) at time 1.2 h (in transi-
tion), steady-state value (scheduling solu-
tion) updated by integrated problem,
process goes to product 4 (SS50.393)
instead of product 5 (SS50.5).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 12. Disturbance with magnitude 10.05 (less
than threshold 0.08) at time 2.6 h (in pro-
duction), handled by fast MPC, scheduling
solution does not change.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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MIMO CSTR

In this case study we investigate a MIMO CSTR cyclic pro-
duction where reaction A ! B takes place with first order
reaction rate: r 5 2kCa (Figure 13). Specifications of this pro-
cess are adopted from Camacho and Bordons Alba.51 The
manipulated variables are Fl (flow rate of the liquid) and Fc

(flow rate of the coolant). States variables are Cb (concentra-
tion of product B) and Tl (liquid temperature). Three steady
states are involved in the cyclic production (Table 4). The
detailed process specifications are provided in Table 5. The
utility price for the coolant Fc is $3/m3, and the raw material
price is $10/m3. The model derived from mass and energy bal-
ance are represented by Eqs. 58 and 59, respectively

dðVlCbÞ
dt

5VlkðCa02CbÞ2FlCb (58)

dðVlqlCplTlÞ
dt

5FlqlCplTl02FlqlCplTl1FcqcCpcðTc02TcÞ

1VlkðCa02CbÞH
(59)

Identifying the PWA from (58) and (59) leads to Eqs. 60
and 61.

Cbðk11Þ5½A11A12�
CbðkÞ

TlðkÞ

" #
1½B11B12�

FlðkÞ

FcðkÞ

" #
1C1 (60)

Tlðk11Þ5½A21A22�
CbðkÞ

TlðkÞ

" #
1½B21B22�

FlðkÞ

FcðkÞ

" #
1C2 (61)

That can be represented in a matrix format as follows

Cbðk11Þ

Tlðk11Þ

" #
5

A11 A12

A21 A22

" #
CbðkÞ

TlðkÞ

" #
1

B11 B12

B21 B22

" #
FlðkÞ

FcðkÞ

" #
1

C1

C2

" #

(62)

The obtained PWA is composed of three LTIs as shown in
(63)–(65).

Cbðk11Þ

Tlðk11Þ

2
4

3
55

20:0164 0

27:4115 0:2377

2
4

3
5 CbðkÞ

TlðkÞ

2
4

3
5

1

20:0004 0

20:0029 20:0218

2
4

3
5 FlðkÞ

FcðkÞ

2
4

3
51

1:7788

250:7210

2
4

3
5;

if 0 � Cb < 1:15

(63)

Cbðk11Þ

Tlðk11Þ

2
4

3
55

0:2181 0

27:4115 0:4722

2
4

3
5 CbðkÞ

TlðkÞ

2
4

3
5

1

20:0005 0

20:0113 20:0218

2
4

3
5 FlðkÞ

FcðkÞ

2
4

3
51

1:7025

193:2533

2
4

3
5;

if 1:15 � Cb < 1:6

(64)

Cbðk11Þ

Tlðk11Þ

2
4

3
55

0:4918 0

27:4115 0:7459

2
4

3
5 CbðkÞ

TlðkÞ

2
4

3
5

1

20:0008 0

20:0196 20:0218

2
4

3
5 FlðkÞ

FcðkÞ

2
4

3
51

1:5247

113:5021

2
4

3
5;

if Cb � 1:6

(65)

The solution of the integrated problem is provided in Table

6. It takes 14.1 s to solve the integrated problem which maxi-

mizes the profit using DICOPT solver in GAMS. The optimal

production sequence is C-A-B. The transition time, production

time for each product and the economic performance such as

revenue, cost and profit are provided in Table 6. It takes

0.028 s for the fast MPC to obtain the entire transitions (sam-

ple step is 0.02 h) and 0.00045 s for the MPC problem over

the local LTI at one sample step, using a PC of 1.86 GHz/4GB

RAM. Figures 14 and 15 illustrate two examples of transition

(transition from steady state 3 to 1 and transition from steady

state 1 to 2).
A Comparison Between Fast MPC and mp-MPC. Here

we compare the performance of fast MPC and mp-MPC in

terms of algorithms and computational complexity. We pres-

ent solution algorithms of implementing fast MPC ((45)–(50)

in Section “Fast MPC for PWA systems”) and mp-MPC

Figure 13. A MIMO CSTR process.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 4. Products at Different Steady States for the Second Case Study

Steady state Cb (mol/L) Tl (K) Fl (m3/h) Fc (m3/h) Demand (L/h) Price ($/L) Inventory ($/h)

SS1: produce A 1 290 1829 774 110 17 1.7
SS2: produce B 1.3 310 1266 264 120 25 2
SS3: produce C 2 330 610 132 70 32 1.8

Table 5. Process Specifications of MIMO CSTR

k reaction constant 26/h
H heat of reaction 70000 kJ/kmol
ql liquid density 800 kg/m3

qc coolant density 1000 kg/m3

Cpl specific heat of liquid 3 kJ/(kg K)
Cpc specific heat of coolant 4.19 kJ/(kg K)
Vl tank volume 24 m3

Tl0 liquid entering temperature 283 K
Tc0 coolant in-flow temperature 273 K
Tc coolant out-flow temperature 303 K
Ca0 initial concentration of reactant 4 mol/L
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((67)–(71)) on nonlinear systems, and their detailed computa-
tion time as summarized in Table 7 and Table 8.

MPC problem for nonlinear systems (The original problem)

min
xðtÞ;uðtÞ

ðt5tH

t50

xTQx1uTRu
� �

dt1xT
NQxN

s:t:

xð0Þ5x0

_x5f ðx; uÞ

xmin � xðtÞ � xmax ; 0 � t � tH

umin � uðtÞ � umax ; 0 � t � tH

8>>>>>>>><
>>>>>>>>:

(66)

Algorithms of Implementing mp-MPC on Nonlinear
Systems.

Step 1: Transfer nonlinear dynamic _x5f ðx; uÞ into PWA
using the proposed optimization based method

PWA5[
i

LTIðiÞ (67)

LTIðiÞ : xðk11Þ5AixðkÞ1BiuðkÞ1Ci

if xðkÞ 2 Xi5fx : Vix � Wig; i 2 Si5f1; 2; . . . Nig

where [i Xi5Xx and Xi1 \ Xi2 51 if i1 6¼ i2

(68)

Step 2: Solve the following mp-MPC problem offline for
the PWA system obtained in step 1.

min
uk

XN21

kp51

kxk1kp
2�xk1kp

kQkp

2 1kuk1kp212�uk1kp21k
Rkp

2

� �

1kxk1N2�xk1NkQN

2

s:t:

xk5x0

xk1kp
5Aixk1kp211Biuk1kp211Ci; kp51; . . . ; N

xmin � xk1kp
� xmax ; kp51; . . . ; N

umin � uk1kp
� umax ; kp51; . . . ; N

8>>>>>>>><
>>>>>>>>:

(69)

Step 3: Set the initial state and initial manipulated varia-
bles ðx0; u0Þ

Step 4: Locate the corresponding critical region (CR) (Fig-
ure 16) for current states and reference states in the predic-
tion horizon, using binary searching method.47,48

Step 5: Evaluate the manipulated variables as a function
of states and obtain the optimal control inputs.

if xðkÞ 2 CRj5fx : Hjx � Kjg; j 2 J5f1; 2; . . . Njg

then u�ðkÞ5FjxðkÞ1Gj

(70)

Step 6: Locate the corresponding LTI for the current states
using binary searching method.

Step 7: State transfer

Table 6. Scheduling Solutions for the Integrated Problem of

MIMO CSTR Case

Number of variables 555
Number of constraints 2712
Solver and CPU time (s) DICOPT, 14.1s

on 3.9GHz/4GRAM
Relative Gap 0.00%
Optimal sequence C-A-B
Cycle time (h) 10
Transition time in slot 1 to 3 (h) 0.1, 0.15, 0.07
Production time in slot 1 to 3 (h) 1.15, 0.60, 7.93
Revenue ($) 29211.73
Raw material cost($) 12222.46
Utility cost ($) 829.03
Inventory cost ($) 3513.85
Profit($) 12646.39

Figure 14. Transition profile from steady state 3 to steady state 1 in MIMO CSTR, obtained by fast MPC.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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if xðkÞ 2 Xi5fx : Vix � Wig; i 2 Si5f1; 2; . . . Nig

then xðk11Þ5AixðkÞ1Biu
�ðkÞ1Ci

(71)

Step 8: k 5 k11, go to step 4.
Note that mp-MPC and fast MPC share step 1. In mp-MPC,

step 1, 2 are solved off-line, and steps 4 through 8 are calcu-
lated online in a loop manner. In fast MPC, step 1 is solved
off-line, and Steps 3 through 6 are calculated online in a loop
manner.

When comparing the computation complexity of fast MPC
and mp-MPC, we focus on the online steps. Table 7 presents
the detailed CPU time for each online step of fast MPC and
mp-MPC.

We use YALMIP toolbox52 to solve the MPC problem in
(69) and obtain the explicit control solution shown in Figure
17 where both manipulated variables Fl and Fc are functions
of state variables Cb and Tl. Then we implement the explicit
solution following steps 4–8 in the algorithm of implementing
mp-MPC and obtain the same transition profiles as those
obtained by fast MPC. Table 9 summarizes the computation

time of fast MPC and mp-MPC in solving for one sample step
as well as the whole transition period. As shown in the table,
mp-MPC requires more computational time. This is consistent
with the fact presented in Table 7 that mp-MPC takes more
time due to its repeatedly locating the critical regions.

Figure 15. Transition profile from steady state 1 to steady state 2 in MIMO CSTR, obtained by fast MPC.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 7. Analysis of the Computation Time for Fast MPC and mp-MPC, Online Steps Only

CPU time Fast MPC mp-MPC

Step 3
Locate LTI: tLTI 5 e

PNx

m51

lg ðNmÞ
N/A

Step 4 Solve QP using primal-dual interior-point method: tQP
Locate CR: tCR5e

PNx

m51

lg ðNmÞ1
PNH

n51

lg ðNnÞ
� �

Step 5 State transfer: tST Function evaluation: tFE

Step 6 Move to next sample step: tMO
Locate the LTI: tLTI5e

PNx

m51

lg ðNmÞ

Step 7 N/A State transfer: tST

Step 8 N/A Move to next sample step: tMO

Total
tfastMPC5e

XNx

m51

lg ðNmÞ1tQP

1tST1tMO

tmpMPC5e 2
XNx

m51

lg ðNmÞ1
XNH

n51

lg ðNnÞ
 !

1tFE1tST1tMO

Table 8. Notations Associated with Table 7

Nx Number of states dimension
Nm Number of discretization point for the mth state
NH Prediction horizon
Nn Number of discretization point for the

nth reference state in the prediction horizon
e Unit time in binary searching method
tLTI Time consumed in locating LTI
tCR Time consumed in locating critical regions
tST Time consumed in state transfer
tMO Time consumed in moving to the next sample step
tFE Time consumed in function evaluation
tfastMPC Time consumed in implanting fast MPC

in one sample step
tmpMPC Time consumed in implanting mp-MPC

in one sample step
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Conclusions

In this study, we propose a novel framework for the integration
of scheduling and control. This framework aims to simultane-
ously consider the scheduling and control problem and facilitate
the online applications where disturbances are efficiently handled.
In this framework, a PWA model is identified from the process’s
first principle model and incorporated within the scheduling level,
leading to an integrated model. More specifically, the PWA is
obtained using optimization method that minimizes the error
between the original nonlinearity and the proposed PWA com-
posed of a group of local LTIs. Note that the PWA is incorporated
as linear constraints with the scheduling level. This eliminates the
nonlinear constraints brought by traditional integration that uses
collocation point discretization, and thus reduces the computation
complexity of the integrated problem.

In the presented framework, we proposed a heuristic deter-
mination of the threshold feedback value. For example in the
case of SISO CSTR, we tested many cases of disturbances with
different magnitudes and found that when the magnitude of dis-
turbance was great than 0.09, there was a high probability that
the scheduling solution should be updated to keep the optimal-

ity of the process. When the disturbance was less than 0.05, it
is very likely that scheduling solution remains the same. There-
fore, there is no exact threshold for the feedback. In this study,
we choose an empirical value between 0.05 and 0.09 to avoid
unnecessarily computing the integrated problem and mean-
while guarantee the optimality when disturbance occurs.

To facilitate the online application, we use fast MPC to
compute the optimal control actions and eliminate the effects
of disturbances in a timely manner. Previous investigation of
mp-MPC in solving the control problem15 has shown that the
number of critical regions in the explicit solution of mp-MPC
increases exponentially with respect to problem size in terms
of number of dimensions of state and manipulated variables
and the length of prediction horizon. To overcome the dimen-
sionality problem, we propose to use fast MPC in this study.
We develop the algorithms of implementing fast MPC and
mp-MPC and compare their computing performance. Results
show that fast MPC computes the control problem much faster
than mp-MPC does, though both of them perform in the speed
of msec. Another advantage of fast MPC is its capability to
track a dynamic reference. Specifically, the reference of fast
MPC is updated when the prediction horizon is moving for-
ward in online computation. This makes it an economic MPC
where the dynamic reference is obtained under an economic
objective. However, mp-MPC can only handle a fixed refer-
ence, as the explicit control solution is solved offline based on
a fixed MPC problem. To the authors’ knowledge, this is the
first attempt in this area to explore the possibility and feasibil-
ity of applying fast-MPC in simultaneous scheduling and con-
trol problem. In the future, we intend to investigate more
computationally efficient PWA approximation techniques and
the application of the proposed approach in larger problems.
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Notation

Index and sets
p = product
s = slot
k = sample points

kp = future sample steps of step k
i = LTI in PWA

Sp = set of products, Sp5f1; 2; . . . ;Npg
Ss = set of slots, Ss5f1; 2; . . . ;Nsg
Sk = set of sample steps, Sk5f1; 2; . . . ;Nkg
Si = set of polytopes in PWA, Si5f1; 2; . . . ;Nig

Parameters
Np = number of products
Ns = number of slots
Nk = number of sample steps
Ni = number of LTIs in PWA
M = a big positive number
h = sample step

Gp = production rate of product p
Dp = demand of product p

Figure 16. Locate the critical regions and evaluate the
explicit solution obtained by mp-MPC.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 17. Explicit solution for the control problem in
transition from product 3 to 1 of MIMO
CSTR case.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 9. Comparison of CPU Time in Implementing Fast

MPC and mp-MPC Using a 1.86GHz/4G RAM PC

CPU time Fast MPC mp-MPC

One sample step 0.00045s 0.016s
Entire transition 0.028s 0.437s
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Pp = price of product p
Pr = price of raw material
Pu = price of utility

Hmax = maximum production time
xmin = lower bound of state variables
xmax = upper bound of state variables
umin = lower bound of manipulated variables
umax = upper bound of manipulated variables

Du = maximum increment of manipulated variables
xmargin = the margin of quality bounds

Q = weight matrix for state variables in the quadratic objective of
MPC

R = weight matrix for manipulated variables in the quadratic objec-
tive of MPC

tH = prediction horizon of MPC

Variables
xs;k = state variable at sample step k in slot s
us;k = manipulated variable at sample step k in slot s

u1s;k = raw material feeding flow rate at sample step k in slot s
u2s;k = heating/cooling flow rate at sample step k in slot s
xss;p = steady-state value of product p
uss;p = steady manipulated value of product p
xin;s = initial state value in slot s
uin;s = initial manipulated value in slot s

�xs = desired state value in slot s(the set point)
�us = desired manipulated value in slot s(the set point)

yp;s = binary variable indicating assignment of product p to slot s
y1s;k;i = binary variable indicating the selection of LTI in PWA
y4s;k = binary variable indicating the end of transitions, equal to 1 if

step k is the end of transition
y41s;k = auxiliary binary variable for y4s;k , equal to one if state is below

the lower bound
y42s;k = auxiliary binary variable for y4s;k , equal to one if state is above

the upper bound
Hs = production time in slot s
Hp = production time of product p

Hp;s = production time of product p in slot s
ht

s = transition time in slot s
ts
s = starting time of slot s

te
s = ending time of slot s

Tc = total production cycle time
Wp = amount produced for product p
VR = valid region where the LTI of PWA is valid

Ai = coefficient of LTI
Bi = coefficient of LTI
Ci = coefficient of LTI
Hj = coefficient of polytope of critical region j
Kj = coefficient of polytope of critical region j
Fj = coefficient of explicit control solution for critical region j
Gj = coefficient of explicit control solution for critical region j
Vi = coefficient of polytope of valid region of LTI
Wi = coefficient of polytope of valid region of LTI
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Appendix A

As for the method of PWA identification from a 3-D function

f ðxð1Þ; xð2Þ; xð3ÞÞ we use cuboids partition as shown in Figure A1.

The constraints and objective are similar to the case of 2-D.

Here we include an addition dimension xð3Þ. Index k 2 K 5

f1; 2; :::;Nkg is associated with xð3Þ and the partition of xð3Þ

is x
ð3Þ
int; 0 � x

ð3Þ
int; 1 � � � � � x

ð3Þ
int;Nk

.

Define the valid regions and the PWA

VRi;j;k5fðxð1Þ; xð2Þ; xð3ÞÞjxð1Þint; i21 � xð1Þ � x
ð1Þ
int; i; x

ð2Þ
int; j21

� xð2Þ � x
ð2Þ
int; j; x

ð3Þ
int; k21 � xð3Þ � x

ð3Þ
int; kg

(A1)

f̂ i;j;kðxð1Þ; xð2Þ; xð3ÞÞ5ai;j;kxð1Þ1bi;j;kxð2Þ1ci;j;kxð3Þ1di;j;k;

if ðxð1Þ; xð2Þ; xð3ÞÞ 2 VRi;j;k

(A2)

Constraints

Equation A3 describes the continuity at the intersection points

shared by eight adjacent cuboids (for instance, point P in Figure A1).

f̂ i;j;kðx
ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ5f̂ i11;j;kðx

ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ

5f̂ i;j11;kðx
ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ5f̂ i11;j11;kðx

ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ

5f̂ i;j;k11ðx
ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ5f̂ i11;j;k11ðx

ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ

5f̂ i;j11;k11ðx
ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ5f̂ i11;j11;k11ðx

ð1Þ
int; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ

(A3)

More specifically

ai;j;kx
ð1Þ
int; i1bi;j;kx

ð2Þ
int; j1ci;j;kx

ð3Þ
int; k1di;j;k

5ai11;j;kx
ð1Þ
int; i1bi11;j;kx

ð2Þ
int; j1ci11;j;kx

ð3Þ
int; k1di11;j;k

5ai;j11;kx
ð1Þ
int; i1bi;j11;kx

ð2Þ
int; j1ci;j11;kx

ð3Þ
int; k1di;j11;k

5ai11;j11;kx
ð1Þ
int; i1bi11;j11;kx

ð2Þ
int; j1ci11;j11;kx

ð3Þ
int; k1di11;j11;k

5ai;j;k11x
ð1Þ
int; i1bi;j;k11x

ð2Þ
int; j1ci;j;k11x

ð3Þ
int; k1di;j;k11

5ai11;j;k11x
ð1Þ
int; i1bi11;j;k11x

ð2Þ
int; j1ci11;j;k11x

ð3Þ
int; k1di11;j;k11

5ai;j11;k11x
ð1Þ
int; i1bi;j11;k11x

ð2Þ
int; j1ci;j11;k11x

ð3Þ
int; k1di;j11;k11

5ai11;j11;k11x
ð1Þ
int; i1bi11;j11;k11x

ð2Þ
int; j1ci11;j11;k11x

ð3Þ
int; k1di11;j11;k11

(A4)

Optimization problem

The objective is to minimize sum of squared errors (problem A5).

min
x
ð1Þ
int; i

;x
ð2Þ
int; j

;x
ð3Þ
int; k

;

ai;j;k ;bi:j;k ;ci;j;k ;di;j;k

X
i

X
j

X
k

f̂ ðxð1Þint; i; x
ð2Þ
int; j; x

ð3Þ
int; kÞ2f ðxð1Þint; i; x

ð2Þ
int; j; x

ð3Þ
int; kÞ

� �2

s:t:ðA1Þ–ðA4Þ
(A5)
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Figure A1. Cuboids partition of the domain of 3-D
states.
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